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Abstract

In this paper I propose to estimate densities with possibly restricted
support semi-nonparametrically (SNP) using SNP densities on the
unit interval based on orthonormal Legendre polynomials. This ap-
proach will be applied to the interval censored mixed proportional
hazard (ICMPH) model, where the distribution of the unobserved
heterogeneity is modeled semi-nonparametrically. Various conditions
for the nonparametric identification of the ICMPH model are derived.
I will prove general consistency results for M estimators of (partly)
non-Euclidean parameters under weak and easy-to-verify conditions,
and specialize these results to sieve estimators. Special attention is
paid to the case where the support of the covariates is finite.
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1 Introduction

Given a continuous distribution function G(x) with support = C R, any
distribution function F'(x) with support contained in = can be written as
F(z) = H(G(z)), where H(u) = F(G™'(u)) is a distribution function on
[0,1]. Moreover, if F' and G are absolutely continuous with densities f and g,
respectively, then H is absolutely continuous with density h(u), and f(x) =
h(G(z))g(x). Therefore, f(z) can be estimated semi-nonparametrically by
estimating h(u) semi-nonparametrically. The role of G is twofold. First,
G determines the support of f. Second, G acts as an initial guess of the
unknown distribution function F'. Obviously, in the latter case the initial
guess is right if H is the c.d.f. of the uniform distribution on [0, 1].

Any density h on the unit interval can be written as h(u) = o(u)?, where
¢ is a Borel measurable real function on [0,1]. It will be shown that square-
integrable Borel measurable functions on the unit interval have an infinite
series expansion in terms of orthonormal Legendre polynomials. Therefore,
the density h(u) can be modeled semi-nonparametrically in a similar way
as proposed by Gallant and Nychka (1987), except that instead of Hermite
polynomials the Legendre polynomials are used.

This approach will be applied to the mixed proportional hazard (MPH)
model, which was proposed by Lancaster (1979), but where now the duration
involved is only observed in the form of intervals. The interval-censored
mixed proportional hazard (ICMPH) model involved is motivated by the
data used in Bierens and Carvalho (2006), where the durations involved, job
search and recidivism, are only observed in the form of intervals.!

The survival function of the MPH model takes the form H (S(t)), where
S(t) is the survival function of the proportional hazard model without unob-
served heterogeneity, and H is an absolutely continuous distribution function
on the unit interval corresponding to the unobserved heterogeneity distrib-
ution. The density A of this distribution function H will be modeled semi-
nonparametrically. I will set forth conditions under which the parameters

'However, since only a few discrete covariates affected the two durations, the presence
of unobserved heterogeneity could not be detected.



of the systematic and baseline hazards are nonparametrically identified, and
the sieve maximum likelihood estimators involved are consistent.

The plan of the paper is the following. In Section 2 the Legendre polyno-
mials are be introduced and their use motivated, and in Section 3 I will show
how density and distribution functions on the unit interval can be represented
by linear combinations of Legendre polynomials. In Section 4 I will discuss
the interval-censored MPH model and in Section 5 I will derive conditions
for nonparametric identification under interval-censoring. Due to the lat-
ter, the identification conditions and their derivations in Elbers and Ridder
(1982) and Heckman and Singer (1984) are not directly applicable, and have
to be re-derived for the interval-censored case. Heckman and Singer (1984)
derive identification conditions by verifying the more general conditions in
Kiefer and Wolfowitz (1956). As shown by Meyer (1995), the results in the
latter paper can also be used to prove identification and consistency in the
case of interval-censoring, provided that the systematic hazard has support
(0,00), which is the case if at least one covariate has as support the whole
real line and has a non-zero coefficient. However, I will in this case derive the
identification and consistency conditions directly without using the results
of Kiefer and Wolfowitz (1956), for two related reasons. First, as is apparent
from Meyer (1995), it is very complicated to link the conditions in Kiefer and
Wolfowitz (1956) to the ICMPH model. Second, it is actually much easier
and more transparent to derive these conditions directly.

In Section 6 I will sketch the requirements for consistency of the SNP
maximum likelihood sieve estimators. One of the requirements is that the
space of density functions h involved is compact. Therefore, in Section 7
I will show how to construct a compact metric space of densities on the
unit interval. In Section 8 I will prove general consistency results for M
estimators of (partly) non-Euclidean parameters under weak and easy-to-
verify conditions, and specialize these results to ICMPH models.

One of the key conditions for nonparametric identification? in the interval-
censored case is that at least one covariate has the whole real line R as support
and has a nonzero coefficient, so that the systematic hazard has support
(0, 00). However, in practice this condition is often not satisfied. Therefore,
in Section 9 I will discuss the case that the covariates have finite support. In
Section 10 the main contribution of this paper are summarized, and avenues

2In the sense that the parameters as well as the unobserved heterogeneity distribution
are identified.



for future research are indicated. Finally, proofs are only presented in the
main text if they are essential for the flow of the argument. All other proofs
are given in the Appendix.

2 Orthonormal polynomials

2.1 Hermite polynomials

Gallant and Nychka (1987) consider SNP estimation of Heckman’s (1979)
sample selection model, where the bivariate error distribution of the latent
variable equations is modeled semi-nonparametrically using an Hermite ex-
pansion of the error density. In the case of a density f(z) on R this Hermite
expansion takes the form

f(z) = d(a) (me) , (1)
k=0

with Y77 ;72 = 1, where ¢(x) is the standard normal density and the p(x)’s
are Hermite polynomials, satisfying [ ju(@)pn(z)¢(z)de = I (k=m),
where (.) is the indicator function. These polynomials can easily be gener-
ated via the recursive relation /nu,(z) = z.p,—1(z) — v/n — Lp,_o(x), start-
ing from po(z) = 1, py(x) = . See for example Hamming (1973, p. 457).
The densities (1) can be approximated arbitrarily close by SNP densities of
the type

where > ¢ vi, = 1.
Because fo(z) = ¢(z), the Hermite expansion is particularly suitable for

generalizations of the normal density. For example, a natural generalization
of the Probit model is P]Y = 1|X]| = F, (6’ X), where

Fo(a) = / L@ =YY e / @ pn()dz (3)

k=0 m=0

which yields the standard Probit model as a special case, corresponding to
the null hypothesis v, = 0 for £ = 1, ..., n. If the actual distribution function



F(z) in the general binary response model P[Y = 1|X] = F (§'X) does not
deviate too much from the Probit function, a low value of n may suffice to
give a good approximation.

Of course, the SNP density f,(x) can be transformed to a density h,,(u)
on the unit interval such that ho(u) = 1, namely

ha(u) = fo (Fy ' (w)) /¢ (Fy ' (u)

with corresponding distribution function H,(u) = F, (F; '(u)), where f,
is the SNP density (2), F, is the corresponding c.d.f. (3), and Fy'(u) is
the inverse of the Probit function Fy(z) = [*_ ¢(z)dz. However, the Probit
function does not have a closed form, and neither does its inverse. Therefore,
it is more convenient to define SNP densities on the unit interval directly on
the basis of orthonormal polynomials on the unit interval than indirectly
using Hermite polynomials.

2.2 Legendre polynomials

A convenient way to construct orthonormal polynomials on [0, 1] is to base
them on Legendre polynomials P,(z) on [—1, 1]. For n > 2 these polynomials

can be constructed recursively by
(2n—1)z.P,1(2) — (n — 1)P,_2(2)

P(2) = - @

starting from Py(z) = 1, Pi(z) = z. They are orthogonal, but not orthonor-

mal:
/_ Fnl2)Pr(2)dz = { (2)/(271 +1) §§ . i ., (5)

1
See for example Hamming (1973, p. 455).

Now define for u € [0,1], pn(u) = vV2n+ 1P,(2u — 1). Then it follows
from (5) that the polynomials p,(u) are orthonormal:

1 .
[ mtwpntan={ ] 5 57 ©)

and from (4) that for n > 2 they can be computed recursively by

o) = L 00 1)) - O ;j;nf ), ()

n

starting from

po(u) =1, pi(u) = V3 (2u—1). (8)



3 Density and distribution functions on the
unit interval

3.1 Polynomial representation

Every density function h(u) on [0,1] can be written as h(u) = f(u)?, where
fo u)?du = 1. In Theorem 1 below I will focus on the characterization of
square—lntegrable functions on [0,1] in terms of the Legendre polynomials
pr(u), and then specialize the result involved to densities on [0, 1].

Theorem 1. Let f(u) be a Borel measumble function on [O 1] such that
fo u)?du < 00,® and let v, = fo pr(w) f(u)du. Then Y pe Vi < oo, and the
set {u € [0,1]: flu) # > oo verr(w)} has Lebesgue measure zero. In other
words, the Legendre polynomials py(u) on [0, 1] form an complete orthonormal
basis for the Hilbert space L%(0,1) of Borel measurable real functions on [0, 1].

Recall! that, more generally, the real Hilbert space L?(0,1) is the space
of square—integrable Lebesgue measurable real functions on [0, 1], i.e., f €
L2(0 1) 1mphes fo u)?du < oo, endowed with the inner product < f g}

fo u)du and associated metric

If = glly = \//0 (f(w) = g(u))* du (9)

and norm || f||, . Moreover, recall that Borel measurable functions are Lebesgue
measurable because Borel sets are Lebesgue measurable sets.” Therefore, the
subspace L%(0, 1) of Borel measurable real functions in L?(0,1) is a Hilbert
space itself.

The proof of Theorem 1 is based on the following straightforward corollary
of Theorem 2 in Bierens (1982):

Lemma 1. Let fi(u) and fo(u) be Borel measurable real functions on [0, 1]
such that

/0 ()| du < oo, / | falw)| du < oo. (10)

3Note that this integral is the Lebegue integral.
4See for example Young (1988, pp. 24-25).
5See for example Royden (1968, pp. 59 and 66)
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Then the set {u € [0,1]: fi(u) # fo(u)} has Lebesque measure zero if and
only if for all nonnegative integers k,

/01 uf i (u)du = /01 uf fo(u)du. (11)

Each u* can be written as a linear combination of pg(u), p1(u), ..., pr(u)
with Fourier Coefﬁcients fol u pm( Ydu, m = 0, 1,..,k, hence condition (11)

is equivalent to fol pr(u fo pr(w) fo(u)du for k =0,1,2, .....
Now let in Lemma 1 f1( ) = f(u) and fg( ) = D oo 'ykpk( ), where
fo pr(v) f(u)du. Then

> i <oo (12)
k=0

because fol (u) — 7 Yepr(u))? du is minimal for ~, = fol or(u) f(u)du,
so that for all natural numbers n, >, _ i < fo u)?du < oco. The existence
of fa(u) follows from the fact that, due to (12), f2,n( ) = > peo Tepr(u) is
a Cauchy sequence in the Hilbert space L%(0,1) and therefore has a limit
fo € L%(0,1): lim, .o fol (fom(u) — fo(u))®du = 0. Hence, we can write
Fa(u) = >0 mepr(u) + ro(u), were lim, o fol 7 (u)?du = 0. Next, choose
a subsequence n,, such that > *°_, fol Ty, (W)?du < oo. Then it follows
from the Borel-Cantelli lemma’® and Chebishev’s inequality that fo(u) =
limy, oo o YePE(w) ae. on (0, 1).

Moreover, it follows from Liapounov’s inequality and the orthonormal-

ity of the pg(u)’s that fol\f2 ) du < \/folfz V2du = /> o7 < oo.

Similarly, it follows from the condition fo u)?du < oo in Theorem 1 that

fo |fi(u)|du < oo. Therefore, all the conditions of Lemma 1 are satisfied,
which proves Theorem 1.

Every density function h(u) on [0, 1] is Borel measurable because, with
H the corresponding distribution function, h(u) = limg o k (H(u + k71)—
H(u)), which is a pointwise limit of a sequence of continuous (hence Borel
measurable) functions and therefore Borel measurable itself. Consequently,
every density function h on [0, 1] can be written as h(u) = f (u)?, where f(u)
is a Borel measurable real function on [0, 1] satisfying fo u)?du = 1.

6See for example, Chung (1974, Section 4.2).



Of course, this representation is not unique, as we may replace f(u) by
f(u)¢pp(u), where for arbitrary Borel subsets B of [0,1] with complement

B =[0,1]\B,

¢p(u) = I(u € B) — I(u € B). (13)
This is a simple function, hence f(u)pp(u) is Borel measurable. Therefore,
any Borel measurable function f on [0, 1] for which h(u) = f(u)? is a density
on [0, 1] can be written as f(u) = ¢p(u)y/h(u), with ¢p(u) a simple function
of the type (13). Consequently, any density h(u) on [0, 1] can be represented
by

00 2 1
h(u) = (Z ’Ykﬂk(@) , with v, = / pr(w)dp(u)\/ h(u)du. (14)
k=0 0
We can always choose B is such that

70:/01¢B(U)Mdu:/3mdu—/é\/wdu>0. (15)

This is useful, because it allows us to get rid of the restriction > 2 77 = 1
by reparametrizing the ~;’s as:

§
Ve = k k=1,2,3, ..., (16)

VIt &

1
Y = o) )
VI+ DL 6

where Y 77, 62 < oo. However, because there are uncountable many Borel
subsets B of [0, 1] for which (15) holds, there are also uncountable many of
such reparametrizations. Thus,

Theorem 2. For every density function h(u) on [0, 1] there exist uncountable
many infinite sequences {6} satisfying Y po, 62 < oo such that

h(u) = u +1§%gfgéu)) a.e. on [0,1]. (17)



3.2 SNP density functions on the unit interval

For a density h(u) with one of the associated sequences {6}]°, let

ho (1) = iy (u]6) = “*Ek—zl;’f’gé“)) 6 =(61,06,) . (18)

It is straightforward to verify that

Theorem 3. For each density h(u) on [0,1] there exists a sequence of
densities hy(u) of the type (18) such that lim, fol |h(u) — hy(u)| du = 0.
Consequently, for every absolutely continuous distribution function H(u) on

[0,1] there exists a sequence of absolutely continuous distribution functions
H,(u) = [ ho(v)dv such that limy, .. supg<,<q | H(u) — Hy(u)| = 0.

Following Gallant and Nychka (1987), the density functions of the type
(18) with a finite n will be called SNP density functions, and the correspond-
ing distribution functions H,(u) = [;* hn(v)dv will be called SNP distribution
functions.

As we have seen in Theorem 2, the densities (17) have uncountable many
equivalent series representations. This is no longer the case for SNP densities:

Theorem 4. The parametrization of the SNP densities is unique, in the
sense that if for a pair 61,62 € R™, h,(ul61) = hp(u|ds) a.e. on a subset of
[0, 1] with positive Lebesque measure, then 6 = 65.

This result follows easily from the fact the number of roots of a polynomial of
order n cannot exceed n, hence if two polynomials on [0, 1] are equal a.e. on
a subset with positive Lebesgue measure, then they are equal a.e. on [0, 1].

3.3 Computation of SNP distribution functions on the
unit interval

The distribution function H,(uld) = [; hn(v|6)dv, with h, given by (18),
can be written as
(1 " Smpm(v)) d 1,8) A, L
Hn(u|6) — f() ( +Zm:1n p (,U)) v — ( ) +1(U) (6)7 (19)
1+ Zm:l 6%1 1+ 0’6
uw € [0,1], 6 = (61,--,6n),

9



where A, 11(u) is the (n+ 1) x (n + 1) matrix

Aua) = ([ s 45 = 0.1, ) (20)
0
Let pm(u) = > 1o bm k. Then it follows from (7) and (8) that
bop=1, lip= —V/3, b = 23, (21)

and for m > 2,

m 2\/4m2 VAm2 =12
;gm,kuk = ng 1,k— 1'U - m kz_; gm—l,kuk

m— 2ku

( —1\/2m+ Zg

m

Hence, letting ¢, = 0 for £ > m and k£ < 0, the coefficients ¢,,; can be
computed recursively by
4m? — 1 (m—1)v2m+1
gm,k - (2£m71,k71 - Emfl,k:) - gmf2,k7
m my/2m — 3
starting from (21). For 0 < m < n, 0 < k < n the coefficients £, can be
arranged as the elements of a lower triangular (n+ 1) x (n+ 1) matrix L, 1,
with m-th row ({0, ..., lmn) -
Next, observe that

u gm,O
/ pk(’U)pm(’U)d’U = (gk,07 cey Ek,n) Hn+1 (’U) )
0

gm,n

where I1,,1;(u) is the (n+ 1) x (n + 1) matrix
it
M (u) = (s 4, j=0,1,.,n ) .
#() (i+j+1 b n)

Therefore,

(1,8 Ly I g (w) L'
Ha(ulo) — bl 2

u € [0,1], 6= (61,6,

10



In practice, however, the lower triangular matrix L, ; can only be com-
puted with sufficient accuracy’ up to about n = 15.

4 The interval-censored mixed proportional
hazard model

4.1 The MPH model
8

Let T be a duration, and let X be a vector of covariates. As is well-known®,
the conditional hazard function is defined as A(t|X) = f(¢t|X)/(1 — F(¢| X)),
where F'(t|X) = P[T < t|X], f(t|X) is the corresponding conditional density
function, and [~ A(7|X)dr = oo. Then the conditional survival function is

S(X) = 1— F(t|X) = exp (— /Ot )\(T|X)d7) |

The mixed proportional hazard model assumes that the conditional sur-
vival function takes the form

S(t|X, a, 8) = S(t|X) (23)
_ 5 [exp (—eXp (X +U) /0 t)\('r|a)d'r) X] |

where U represents unobserved heterogeneity, which is independent of X,
A(t|a) is the baseline hazard function depending on a parameter (vector) «,
and exp(3'X) is the systematic hazard function. See Lancaster (1979). De-
noting the distribution function of V' = exp(U) by G(v), and the integrated
baseline hazard by A(t|«) = fg A(7|a)dr, we have

S(t|X,a,B,h) = /Oooexp(—v.exp(ﬁ'X)A(ﬂa))dG(v) (24)

B /ooo (exp (— exp(B'X)A(t|a)))" dG(v)
= H (exp (—exp(8'X)A(t|ar)))

"Note that LpiIL, (1)L, = Inyr. With n = 15, the computed elements of the
matrix Ly, 111,41 (1)L}, 1 —In41 are smaller in absolute value than 0.000000001. Moreover,
for n > 20 some of the elements ¢,, ; become too big (more than 29 digits, including the
decimal point) to be stored in the memory of a PC.

8See for example Van den Berg (2000) and the references therein.
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where

H(u) = /000 u’dG(v), u € 0, 1], (25)

is a distribution function on [0, 1].
If the unobserved heterogeneity variable V' satisfies E[V] < oo then for
u € (0,1],

OovuvfldG(U) <u! oo’UdG(v) < 00, (26)
J J

so that by the mean value and dominated convergence theorems, H(u) is
differentiable on (0, 1), with density function

h(u) = /000 vu’1dG (v). (27)

This is the reason for the argument h in the left-hand side of (24). Moreover,
(26) implies that h(u) is finite and continuous® on (0, 1]. Furthermore, note
that absence of unobserved heterogeneity, i.e., P[V = 1] = 1, is equivalent
to the case h(u) = 1.

Let the true conditional survival function be

S(tX, a0, fo, ho) = /oweXp<—v.exp<ﬁaX>A<t\ao>>dGo<v> (28)
= Hy (exp (— exp(G,X)A(t|a)))

where Hy(u) = [} ho(v)dv = [~ u’dGp(v). In the expressions (24) and (28),
h and hg should be interpreted as unknown parameters contained in a para-
meter space D(0, 1), say, of density functions on (0, 1].

For the ease of reference I will call this model the Interval-Censored Mixed
Proportional Hazard (ICMPH) model.

Elbers and Ridder (1982) have shown that if X does not contain a con-
stant,

A(tla) = A(t|ap) for all ¢ > 0 implies o = ay, (29)

and

/000 vdGo(v) = /000 vdG(v) =1 (30)

9The continuity also follows from the dominated convergence theorem.
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(which by (27) is equivalent to confining the parameter space D(0,1) to a
space of densities h on (0, 1] satisfying h(1) = 1), then the MPH model is
nonparametrically identified, in the sense that

S(T|X,Oé,/80, h) = S(T‘Xv aOJ/BOJ hO) a.s.

implies @ = oy and G = Gy, hence h(u) = ho(u) a.e. on [0,1]. Heckman
and Singer (1984) provide an alternative identification proof based on the
results of Kiefer and Wolfowitz (1956), and propose to parametrize Gy as
a discrete distribution: Go(v) = >_7_, I (v <6;)p;, with I(.) the indicator
function, where 6; > 0, p; > 0, and ) 7, p; = 1. Thus, they implicitly
specify ho(u) = YL, O;ub~1p;.

The nonparametric identification of the MPH model hinges on the as-
sumption that 7" is observed directly if 7" is not right-censored. In this paper
I will consider the case that T' is only observed in the form of intervals, so
that the identification results in Elbers and Ridder (1982) and Heckman and
Singer (1984) are not directly applicable.

Recall that the interval-censored case has been considered before by Meyer
(1995), who derived identification and consistency conditions based on the
results of Kiefer and Wolfowitz (1956). However, in this paper I will derive
these conditions directly without using the Kiefer and Wolfowitz (1956) re-
sults, because that is much easier and more transparent, as comparison of
the results below with Meyer (1995) will reveal.

4.2 Interval-censoring

Let {T},C;, X;}}., be a random sample of possibly censored durations T},
with corresponding censoring dummy variable C; and vector X of covariates.
The actual duration is a latent variable 7 > 0 with conditional survival
function

P[ir]* > t|X]] - S(t|X]a O‘O?ﬁ(b h’O)a (31)

where S(t| X, «, 3,h) is defined by (28), ap and [y are the true parameter
vectors and hg is the true density (27). If C; = 0 then T7 is observed: T; =
Ty, and if Cj = 1 then T} is censored: Tj; = T; < T, where [1,T}] is the time
interval over which individual j has been, or would have been, monitored. It
will be assumed that Tj is entirely determined by the setup of the survey,
and may therefore be considered exogenous, and that 7' = inf;>; T; > 0.

13



In practice the observed durations 7; are always measured in discrete
units (days, weeks, months, etc.), so that we should not treat them as con-
tinuous random variables. Therefore, pick M positive numbers b; < by <
.. < by <T, and create the dummy variables

Dy; = I(T; < b) (32)
D27j = I(bl < T] < bg)

Dyj = I(by-1<T; <buy)

where I(.) is the indicator function. See Meyer (1995). Also, in some cases
the durations 7} are only observed in the form of intervals. See for example
Bierens and Carvalho (2006).

For notational convenience, let by = 0 and denote for : =0, 1, ..., M,

pi (o, ' X;5) = exp (—exp(8'X;)A (bil)) . (33)

Note that o (o, #'X;) = 1. Then

PD;; =11X;] = S(bi—1|Xj, a0, Bo, ho) — S(b:] X, o, fo, ho) (34)
= Ho (i1 (o, BoX;)) — Ho (1 (0, B X))
i=1,2, ..M,

M
>_Dig=0
=1

where Hy(u fo ho(v)dv. The density hy will be treated as a parameter.
The condltlonal log—hkehhood function of the ICMPH model takes the
form

X]] = S<bM‘Xja 0507507 h()) = HO (ﬂ’M (aﬂa/BéXJ)) )

In (Ly(e, B, 1)) (35)
— ZZDM In (H (pi-1 (o, X)) — H (i (ar, BX;)))
+Z<1—ZD”> H (par (o, 'X5)))

with H(u) = [} h(v)dv.

14



4.3 Baseline hazard specification

Note that we do not need to specify the integrated baseline hazard A(t|«)
completely for all ¢ > 0. It suffices to specify A(t|a) only for ¢ = by, ..., by.
Therefore we may without loss of generality parametrize A(t|«) as a piecewise
linear function:

A(t‘Oé) = A(bi,1|06) + o (t — b@;l) (36)
i—1
= Zak (bk — bkfl) + o (t - bifl) for t € (bifl, bz],
k=1
am > Oform=1,...M, a=(ai,..,ay) € RM.

There are of course equivalent other ways to specify A(b;|c). For example,
let

A(bi|a) = Z Oy Q>0 form=1,...., M, (37)
m=1
or
Albla) = exp(a), a1 < as < ... < ayy, (38)

Albola) = A(0]a) = 0.

The advantage of the specification (36) is that the null hypothesis a; =
... = ayy corresponds to the constant hazard A(t|a) = «;. In that case
exp (6'X) A(tla) = exp(In(ay) + 5/ X)t, so that In(a;) acts as a constant
term in the systematic hazard.

However, the specification (37) is useful for deriving identification condi-
tions, as will be shown in the next subsection. The same applies to (38).

Note that under specification (38) the probability model (34) takes the
form of a generalized ordered probability model, similarly to an ordered pro-
bit or logit model:

P [er'ilDi,j =1 | X]] = Fo (ﬁéX] + 0107m) , M = 1,2, ...,M, (39)

where
Fy(z) =1 — Ho (exp (—exp(z))) (40)

with density
Jo(x) = ho (exp (— exp(x))) exp (— exp(z)) exp(z). (41)
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This case makes clear that we cannot allow a constant in the vector Xj,
because the constant can be absorbed by the ag;’s in (39). Moreover, for the
identification of ag and (G in (39) it is necessary to normalize the location
and scale of the distribution Fy (z) .

5 Nonparametric identification of the ICMPH
model with continuously distributed covari-
ates

5.1 Introduction

Let us assume that A(b;|a) is specified as (37). It follows easily from the
inequality In(z) <z — 1 if x > 0 and = # 1, and the equality

E [LN(Oé,ﬁ, h)/LN(Oéo,ﬁo, ho)‘Xl, ...,XN] =1 a.s.

that
FE [Nil In (LN<Oé,ﬁ, h)/LN(Oéo,ﬁo,h()))‘ Xl, ...,XN} <0

if and only if for some ¢ € {1,..., M},

1o (o) (52
N )

This implies that
E [N_l In (LN(avﬁv h)/LN<0507507h0)>] =0 (42)

H <exp <_exp %) (zm>)> (53
i <exp <_exp o (Z)))

a.s. fori=1,..., M,

P

if and only if
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where X = X.

Now the question arises: Under what conditions does (43) imply that
a=aqy, 0=0yand H= Hy? Obviously, the ICMPH model involved is not
identified if By = 0 or if one of the components of X is a constant. Thus:

Assumption 1(a): None of the covariates is constant, and at least one
covariate has a nonzero coefficient.

For i =1, (43) reads

H (exp (—exp (0'X) a1)) = Ho (exp (—exp (B3 X) ap1)) a.s.  (44)

To derive further condition such that (46) implies § = Gy and a; = a1 we
need to distinguish two cases.

The first case is that there is only one covariate: X € R. Without loss of
generality we may assume that 5 = c.(y, so that (44) now reads

H (exp (—exp (c.00X) a1)) = Ho (exp (—exp (6o X) ap1)) a.s.

or equivalently,
H (exp (—onag§ (In(1/u)))) = Ho (u) (45)

for all u in the support S; of U = exp (— exp (50X ) ap,1) . Note that, due to
the monotonicity of H and Hy, (45) implies that ¢ > 0.

Next, consider the case that X € R¥ with k£ > 2. I will set forth a further
condition under which #'X = c.f;X for some constant ¢ > 0, as follows.
Denote T (u) = In (—In (H ! (Hy (u)))), and observe that Y (u) is monotonic
decreasing on (0, 1). Then it follows from (44) that

B'X = T(exp(—exp(B;X)ap1)) —Inay (46)
= @(5X),

for example, where ¢ is a monotonic increasing function on R. Now augment
1Bo]| 7B with a k x (k — 1) matrix @Q; to form an orthogonal matrix Q:

Q= (Hﬁ—louﬁo,@l) (47)
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and define

_ ox— [ IBll7BX ) _ ( Z )
7 = QX_<Q,1X -( 7 (48)
_ og— [ 1Boll~' B8 ) _ ( " )
7= Q0= ( /15 B V2
so that by (46),
NZy+ Zyyp =772 =X = o ([|6ll-Z1) - (49)

If v2 = 0 then X = %1 Z; = |G| 10X = ¢.3,X, say. To establish
that v = 0, observe from (49) that

Zyye = E[Zyye| Z1] = ¢ (||1Bol|-Z1) — 12,

hence, denoting

W = Zy — E[Z,|Z4] (50)
we have W'y, = 0 and thus E [WW'] v, = 0. Therefore, v, = 0 if E [WW’]
is nonsingular, which is the case if and only if

Assumption 1(b): The matriz Xy = E [(X — E[X|3)X]) (X — E[X|3,X])']
has only one zero eigenvalue (corresponding to the eigenvector By).

Note that G)X — E[ByX|5,X] = 0, so that X5 = 0.

To show that Assumption 1(b) is a necessary and sufficient condition for
det (E [WW']) > 0, observe from (48) and (50) that E[WW'| = Q3oQ;.
Without loss of generality we may assume that @)1 in (47) is the matrix of
orthonormal eigenvectors corresponding to the k£ — 1 positive eigenvalues of
Y, so that

_ 0 0/ —1
2o = (|16l o, Q1) ( 0 A ) ( L'f” o ) = Q1AQ),
where A is the diagonal matrix with the positive eigenvalues of ¥, on the
diagonal. Thus E [WW'] = Q1Q1AQ Q1 = A.

If 3y has more than one zero eigenvalue then there exists a nonzero vec-
tor 5 such that 7,7, = 75Q}X is a function of GjX. Since f; = Q172 is

18



orthogonal to (y, Assumption 1(b) is therefore equivalent to the statement
that

Bi#0, Bifo=0= P (5 X = E[BX]|5X]) <1

Assumptions 1(a)-(b) together will now be referred to as Assumption 1.
Thus, the following result has been shown.

Lemma 2. Suppose that

PT'>bi|X] = Hy(exp(—exp(GX)aoa)) (51)
= H(exp(—exp(F'X)ay)) a.s.

Under Assumption 1, (51) implies that there exists a constant ¢ > 0 such that
B = c.Bo, so that for all u in the support S of U = exp (—exp (8yX) ao,1) ,

H (exp (—arog§ (In (1/u))°)) = Ho (u) . (52)

Given [, for every og; > 0 there exists a distribution function Hy such
that the first equality in (51) is true. Moreover, given 3y, ag1 and Hy, for
every ¢ > (0 there exists an a; > 0 and a distribution function H such that
(52) holds. Therefore, to establish first that ¢ = 1 (so that 5 = ), and then
that H (uo‘l/o‘ovl) = Hy (u) on S; implies oy = ayp 1, we need to normalize H
and H in some way. How to do that depends on the support of G, X. If

Assumption 2. The support of $,X is the whole real line R,

then there are various options for normalizing Hy and H, as follows.

5.2 Nonparametric identification via extreme values

Taking the derivative of (48) to u yields

ho(w) = h (exp (—alao_j (In (1/u))c)) exp (—alao_j (In (l/u))c) (53)

1
xalaaf{c(ln(l/u))cfl " Yu e Sy .

0The results in Meyer (1995) are based on this assumption.
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Now suppose that

Ve € R, P[ByX <z| >0, (54)
which is a weaker condition than Assumption 2, and
ho(1) = h(1) = 1. (55)

Recall that (55) corresponds to the condition that E[V] = 1. Moreover,
using the easy equality p(1) = 2k + 1, it follows straightforwardly from
(17) that condition (55) can be implemented by restricting ko and h to density
functions of the type (17), with

2
1 [o¢] o]
o= 5 2(1+§62>+(1+Z(5k\/2k+1>

k=2
V3 =
5 1+;5k\/2k+1 .

Condition (54) implies that S; contains a sequence u,, which converges to
1. Then

1 = 1}1—{20 ho (u,,) = nlggo h (exp (—onog§ (In(1/u,)))) (56)
X nlggo exp (—alao_j (In (l/un))c)

xayagye lim (In (1/up)) "

0 if ¢>1,
= aiopice lim (ln(l/un))cf1 =< afagr if c=1,
e 00 if c<1.

Thus ¢ = 1, hence 8 = By and a1 = 1.
Since now 3y and o are identified, the next question is: Does

H (exp (—exp (85 X) (a1 + a2))) (57)
= Hy (exp (—exp (G4 X) (o1 + 2))) a.s.

imply as = ap2? Let Sy be the support of U = exp (—exp (G X) (a1 + a02))

and let N N
2 — Q2
= 58
7 Qo1+ Qo (58)
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Then (57) implies that
H (u") = Hy (u) for all u € S,. (59)

Under condition (54) there exists a sequence u,, in Ss which converges to 1.
Therefore, similarly to (56) we have

1 = ho(1) = tim o) = Ho(un)

n—oo 1 — un

H((1) = H 14+n 1— 1+4+n
=g AW ZHOT) gy L2
n—00 1— Unp, n—oo 1 — Up,

Hence, under the conditions (54) and (55) , » = 0 and thus a; = 2.
Repeating this argument for ¢ = 3, .., M, it follows that a = oy and

Hy (exp (—exp (3yX) a4)) = H (exp (— exp (80X ) i) a.s.

fori=1,...,M.
Since (36) and (37) are equivalent for ¢ = b;, the following result holds:

Theorem 5. Let the integrated baseline hazard be specified by (36). Under
Assumption 1 and the conditions (54) and (55) the equality

Eln (Ln(c, 3,h)/Ln (a0, Bo, ho))] =0 (60)
implies that o = ag, B = By, and
H (exp (— exp (8X;) A(biew))) = Ho (exp (— exp (6,X;) A(bi]ao)))  (61)

a.s. fori=1,..., M. If in addition Assumption 2 holds, with X = X, then
(61) implies that h(u) = ho(u) a.e. on (0,1].

Admittedly, Assumption 2 and even the weaker condition (54) are often
not satisfied in practice. In most applications the covariates are bounded and
discrete, and often quite a few of them are dummy variables. In unemploy-
ment duration studies one of the key covariates is the age of the respondent,
which is expected to have a negative coefficient. But even age is a bounded
variable, and is usually measured in discrete units (e.g., years). In that case
the ICMPH model may not be identified. Nevertheless, I will maintain As-
sumption 2 for the time being. In Section 9 below I will consider the more
realistic case that the covariates have finite support.
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The condition (55) is only effective in pinning down «g and [y if U;; =
exp (—exp (85 X;) A(bilag)) can get close enough to 1. Thus, the identifica-
tion hinges on the extreme negative values of 4, X;. Under Assumption 2
it follows that plimy_,. min;—; x5 X; = —o0, hence plimy_,o, max;—1, . n
Ui; = 1, but in finite samples max;—; _n U;; may not get close enough to
1 for condition (55) to be effective. Therefore, I will now derive alternative
identification conditions.

5.3 Nonparametric identification via quantile restric-
tions

Suppose that the distribution functions H and Hj are confined to distribu-
tions with two common quantiles: For a given pair uq, us of distinct points
in (0,1), let

H(u;) = Ho(u;) = w;, 1 =1,2. (62)

Again, the latter equality facilitates the benchmark case of absence of un-
observed heterogeneity: V' = 1 a.s., which is equivalent to H(u) = Ho(u) =
u a.e. on [0,1].

Under Assumption 2, uy, us € S; = (0,1). Therefore, it follows straight-
forwardly from the quantile restrictions (62) and Lemma 2 that under As-
sumptions 1-2, (In (1/u1))"" = (In (1/up))" = g 1/a1. Since uy # uy, the
first equality is only possible if ¢ = 1, hence 3 = 3y, and the second equality
then implies that a; = o 1.

Similarly, it follows from (58), (59) and (62) that as = ag2. Therefore,
similar to Theorem 5 we have that

Theorem 6. Under Assumption 1-2 and the quantile conditions (62) the
ICMPH model is nonparametrically identified.

In other words, under Assumptions 1-2 the equality (60) implies that o = «v,
B = By, and h(u) = ho(u) a.e. on (0, 1].
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5.4 Nonparametric identification via moment condi-
tions

Consider the ordered probability model form (39) of the ICMPH model. Let
F(zx) be a distribution function of the type (40),

F(r) =1~ H (exp (—exp(x))) (63)
with density
f (z) = h(exp (—exp(x))) exp (— exp(x)) exp(z), (64)

where H (u) is a distribution function on [0, 1] with density h(u), and assume
that for some constants 0 > 0 and p € R,

F(ox + p) = Fo(x). (65)

Clearly, under Assumptions 1-2 model (39) is nonparametrically identified
if (65) implies that y = 0 and ¢ = 1. Taking derivatives of (65) it follows
that (65) implies

fo(z) = ho(exp(—exp(x)))exp (—exp(z)) exp(x)
= oh(exp(—exp(oz + p))) exp (— exp(ox + p)) exp(ox + 1)
= of(ox+ p) ae.,

hence it follows from (41) and (64) that for any function ¢ on R for which
1% (@) fo(x)dz is well-defined,

/0 o (In (1n (1/))) ho(u)du = / " (@) folx)da (66)

—00

S / o0 f(ox + p)da

_ /1([) (ln (In (1/u)) —u) () du.

g

If we choose p(x) = x then (66) implies

/0 In (In (1/u)) A (u) du:a/o In (In (1/u)) ho(u)du + p, (67)
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and if we choose p(z) = x? then (66) implies
o? /0 (In (In (1/u)))? ho(u)du = /0 (In (In (1/w)))* b (u) du

_ 2,u/0 In (In (1/u)) b () du + 122

Now assume that

/0 In (In (1/u)) b (u) du = /0 In (In (1/2)) ho(u)du,
/O(IH(ln(l/u)))2h(u)du = /O(ln(ln(l/u)))2h0(u)du.

Then it follows from (67) and (69) that
1
pw=(1- a)/ In (In (1/u)) ho(u)du
0
and from (68) through (71) that

(e*—1) /0 " (1o (I (1/)))” hou)du
= (0" - 1) </011n (In (1/u)) ho(u)du)2,

The latter equality implies 0 = 1 because
2

/0 (In (In (1/w)))? ho(u)du > (/0 In (In (1/u)) ho(u)du> ,
so that by (71), u = 0.

Note that the values of the integrals in (69) and (70) do not matter for
this result, provided that the integrals involved are finite. However, in order
to accommodate the benchmark case ho(u) = h (u) = 1, which corresponds
to absence of unobserved heterogeneity, I will assume that the density A in
the log-likelihood function (35) is confined to a space of density functions h

on (0, 1] satisfying the moment conditions

/Oln(ln(l/u))h(u)du = /Oln(ln(l/u))du,
/0(1n(1n(1/u)))2h(u)du = /0(ln(ln(1/u)))2du,

24
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It is obvious from the easy equalities

/0 (In (In (1/u)))? du = /00 xP. exp(z) exp (— exp(x)) dz

—00

for p = 1,2 that the right-hand side integrals in (73) and (74) are finite.
Their values are

1
/ In(ln(1/u))du = —0.577189511,
0

/1 (In(In (1/u)))’du = 1.981063818,

which have been computed by Monte Carlo integration.'!

Theorem 7. Let h and hy be confined to density functions satisfying the
moment conditions (73) and (74). Then under Assumptions 1-2 the ICMPH
model is nonparametrically identified.

5.5 Implementation of moment and quantile conditions

The moment conditions (73) and (74) can be implemented by penalizing
the log-likelihood function (35) for deviations from the moment conditions
involved by augmenting the log-likelihood function In (Ly(c, 5, h)) with two
penalty terms:

In (LTV(aaﬁa h)) =In (LN(O'/767 h’)) (75)

_N </011n (In (1/u)) h (u) du — /01 n (ln(l/u))du)%
20

N </01 (In (In (1/u)))? h () ds — /01 (In (In (1/u)))2du)

for some integer ¢ > 1.
Similarly, also the quantile restrictions (62) can be implemented by pe-
nalizing the log-likelihood function:

In (Ly (e, B, h)) = In (Ly(, B, h)) (76)

—N(/Oulh(v)dv—ul)%—zv</0u2h(v)dv—u2)%

1Using one million random drawings from the uniform [0, 1] distribution.
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for some integer ¢ > 1.
For SNP density functions (18) the moment conditions (73) and (74) read

<1+25k>/ (In (In (1/w))) by () du

:/ (ln(ln(l/u)))pdu+225k/ (In (In (1/u)))? pr(u)du

0 0

#3030 ([ (n a1/ peadpmyin)

<1+252>/ (In (In (1/w)))? du

for p =1 and p = 2, respectively. Hence, denoting

= ([ 000 g, [ Ol () (1)

Bn, = (/01 (In (In (1/u)))? pi, (w) pi,(w)du ;5 1,19 = 1,2, ,n)
—/01 (In (In (1/w)))* du.I,,

the conditions (73) and (74) with h replaced by (18) are equivalent to 26'a,, 1+
§'Bp16 =0, 28'ay 2+ 8 Bn26 = 0, respectively, where 6 = (61, ..., 6,)". There-
fore, if we replace h in (75) by h,(.]6) , the penalized log-likelihood can be
written as

In (L (e, 8, hn(.[6))) = In (Ln (e, B, hn(.]6))) (77)
oy (2001 + 8 Buad * v (2 an2 + 6 Bunb 2
1+66 1+66

for some integer ¢ > 1.
Note that for p = 1,2 the vectors a,, and matrices B,,, can easily be
computed in advance by Monte Carlo integration.
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If we would assume that for some fixed n, ho(u) = h,(u|dy), so that
hn(u|dp) is treated as a parametric specification of the density ho(u), and if
we choose ¢ > 2, then

lim Var (

N—oo

1 aln(L’;V(ao,ﬁo,hn(-l%))))
JN 9 (ap, By, 65)

1 8ln(LN(Ozo,ﬁo,hn(-|50)))>
JN 9 (ap, By, 6p)

= lim Var(

N—o0

and

N—o0

lim E <__1 0*In (L?V<O‘07/507 hn<|60>)))
N0 (o, By, ) 0 (o, By, 60)
(‘_1 9 In (L (e, Bo, hn(-|50)))>
N 0 (ap, By, 60)" 0 (g, By, &) )

Consequently, the penalized ML estimators of ag, 3y and 6y are then asymp-
totically efficient. Therefore, I advocate to choose ¢ = 2.

Similarly, if we replace h in (76) by h,(.|6), the penalized log-likelihood
becomes

= lim F

In (Ly(a, 8, hn(.[6))) = In (Ly (e, B, hn(.]6)))
= N (Ho(u1]6) = u1)* = N (Hy(ua]8) — uz)*,

with H,(u|6) defined by (22). For the same reason as before I recommend to
choose ¢ = 2.

6 Requirements for consistency of SNP max-
imum likelihood estimators

We can write the (penalized) log-likelihood as
N
In (Ly(a, 8, 1)) = Y ¥(Y},a,0,h),
j=1
where Y; = (D1, ..., DMJ‘,X‘;)/. In the cases (75) and (76),
M
V(Y0 0,h) = D Dighn(H (nii (o, 8'X;)) = H (i (0, 5X;))) (78)
i=1
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+ (1 - ZD17J> In (H (ILLM (a7ﬁ/Xj))) - H(h’)7

where II(h) represents the two penalty terms.
The maximum likelihood estimators of ag, By and hg are

a,B,h) = N~'In(L;
(3.B.7) =arg | max  NTn(Li(agh), (79)

where

Assumption 3. A and B are given compact parameter spaces for o and (3,
respectively, containing the true parameters: ag € A, By € B,

and the space D(0, 1) is a compact metric space of density functions on [0, 1],
containing the true density hy. The space D(0,1) will be endowed with the
metric

1
I hally = [ lba(u) = ha(w)] du (50)
0
Let .
U(a, B,h) = E[U(Y},a,3,h)]. (81)
To prove the consistency of the ML estimators, we need to show first that
P]\}i_l};oﬁ(a; B,h) = T(ap, o, ho)- (82)

Similar to the standard consistency proof for M estimators it can be shown
that if ¥ is continuous and (ayg, By, ko) is unique then (82) implies that
plimpy_.oo @ = g, plimNﬂooB = [y and plimy_, HE — ho = 0.

In general it will be impossible to compute (79) because it requires to
maximize the log-likelihood function over a space of density functions. How-
ever, there exists an increasing sequence D, (0,1) of compact subspaces of
D(0,1) such that the densities in D, (0,1) can be parametrized by a finite
(but increasing) number of parameters, namely a space of densities of the
type (18), where n = ny is a subsequence of N, and the §’s are confined to
a compact subset of R™¥. Then

(&, E,ﬁ) = arg max N~'In (L (a, B, h)) (83)

a€A,BEB,heDny (0,1)
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is feasible. This is known as sieve estimation. See Chen (2005) for a review
of sieve estimation. Moreover, it follows from Theorem 3 that we can choose
a sequence of densities hy € D, (0,1) such that limy_, [|hxy — hol]1 = 0.
This result can be used to prove that plimy_.o & = ap and plimy_. B = B,
and plimy_, ||h — hol]1 = 0.

The crux of the consistency problem is twofold, namely: (1) how to make
the metric space D(0, 1) compact; and (2) how to prove (82). These problems
will be addresses in the next sections.

7 Compactness of the density space

Consider the space of density functions of the type (17), subject to the con-
dition >, 62 < oo. This condition can easily be imposed, for example by
restricting the ¢’s such that for some constant ¢ > 0,

|6k < (84)

c

14+ VEIn(k)’

because then S7° 62 < 2+ 232, k7 (In(k)) > < & 4 ¢2/1n(2) < oo,
The conditions (84) also play a key-role in proving compactness:

Theorem 8. Let D(0,1) be the space of densities of the type (17) subject
to the restrictions (84) for some constant ¢ > 0, endowed with the metric

|h1 — hal|, = fol |hi(u) — ho(u)| du. Then D(0,1) is compact.

Proof: Appendix.

Of course, the result of Theorem 8 is only useful for our purpose if the
constant ¢ in (84) is chosen so large that

Assumption 4. The true density hg is contained in D(0,1).

Finally, it follows now straightforwardly from Theorem 3 that the follow-
ing result holds.

Theorem 9. For a subsequence n = ny of N, let D,(0,1) be the space of

densities of the type (18) subject to the restrictions (84), with c the same as
for D(0,1). For each N, D,,(0,1) is a compact subset of D(0,1), and
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for each h € D(0,1) there exists a sequence hy € D,,(0,1) such that
oo [ [P(u) — By (u)] du = 0.

8 Comnsistency of M-estimators in the pres-
ence of non-Euclidean parameters

I will now address the problem how to prove (82). To relate (82) to Theorem
10 below, denote © = {(a,[,h) :a € A, S € B, h€ D(0,1)}, and define
a metric d(.,.) on © by combining the metrics on A, B and D(0,1). For
example, for 6; = (ay, B1,h1) € O, O = (g, B2, ha) € O, let

d (6;,6) = max [\/(al — ) (g — ), (85)

\/(51 — B32)' (1 — fa), /01 |h1(u) — he(u)| dul .

Theorem 10. Let Y}, j = 1,...,N, be a sequence of i.i.d. random vectors
in a FEuclidean space, defined on a common probability space {Q, F, P}, with
support contained in an open set Y. Let © be a compact metric space with
metric d (61,02) . Let g(y,0) be a continuous real function on Y x © such that
for each 6 € ©,

Elg(Y1,0)]] < oo, (86)

so that g(0) = E [g(Y1,0)] is defined and finite, and let for some constant
Ky > 0,

E {max (216189(3/1,9), —KO)] < 0. (87)

Denote § = argmaxgee N~ Z;VZI 9(Y;,0) and 6y = argmaxgeo g(0). Then

plimy_ oo (% Zjvzl g(YJ,@) - §(9)> = 0 and consequently,

-~

p lim g(60) =g(0o). (88)

N—oo

~

(a) If 0y is unique then (88) implies plimy_.o d(6,60y) = 0.
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(b) Suppose that Oy is partially unique, in the following sense. Let 6y =
(9671,9672)/ € O; X Oy = O, where ©; and O, are compact melric spaces
with metrics dy and dy respectively. There exists a subset ©5 C O, possibly

containing more than one point, such that for all 6, € ©3%, g ((9671, 9072)/) =
g ((9(),1,9;)) . On the other hand, let for all 6, € O\ {691},

sup 7 ((64,65)") <7 ( (6.1, 02)") (89)

02€02
~ ~ ~ ~\/ ~
Partition 0 accordingly as 0 = (91, 92) € ©1x0,. Then plimy_,o dq (91, 9071>

=0 and plimy_, g ((9671,/92)) =7 ((96,1, 9672),) .

Proof: Appendix.

In the penalized log-likelihood case, let g(Y;,0) = U(Y;, o, 8, h), where
the latter is defined by (78). Clearly, H (u;(a, 5'x)) is continuous in a € A,
0 € B and all x, and H itself is uniformly continuous with respect to the
metric (80), supy<,<q |[H1(u) — Ha(u)| < ||h1 — hol|; . Moreover, the penalty
term —II(h) in (78) is continuous in h. Therefore, ¥(y, v, 3, h) is continuous
on Y x Ax B xD(0,1), where ) is the Euclidean space with dimension the
dimension of Y; = (Dlm ey Do j, X]’) . Then ¥(a, 3, h) is also continuous on
Ax B xD(0,1).

It is easy to verify from (78) that ¥ (Y}, a, 8, h) < 0, hence condition (87)
holds, and condition (86) holds if

Assumption 5. For all (a,5,h) € A x B xD(0,1), E[In(Ly(«, 3, h))] >
—00.

Thus, under Assumptions 1-5, the conditions of part (a) of Theorem 10 hold,
hence (82) is true.

As said before, maximizing a function over a non-Euclidean metric space
O is usually not feasible, but it may be feasible to maximize such a function
over a subset O C O such that under some further conditions the resulting
feasible M estimator is consistent:

Theorem 11. Let the conditions of Theorem 10 hold, and let ©n C © be
such that the computation of 6 = arg maxgeg, N Z;VZI g(Y;,0) is feasible.
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If each O ‘contains an element O such that limy_ . d(On,0y) = 0, then
plimy 00 G(0) = G(0y). Consequently, the results (a) and (b) in Theorem 10

carry over to 6.

Proof: Appendix.
We can now formulate the consistency results for the sieve ML estimators
of the parameters of the SNP-ICMPH model:

Theorem 12. Let «q, (o, hg be the true parameters of the ICMPH model.
Let Ly (a, B, h) be the penalized likelihood function, and let

(&,E,ﬁ) = arg max In (Ly(a, B, h))

a€A,BEB,heDny(0,1)

where D, (0, 1) is the space of density functions defined in Theorem 9. Then
under Assumptions 1-5, plimy_.oo & = aq, plimy_.o. 8 = By and

1

p lim h(u) — ho(u)| du = 0.
N—oo Jg

Note that the speed of convergence ny of hy € D, (0,1) to hg € D(0,1) [see
Theorem 9] does not matter for this result. Therefore, as far as consistency
is concerned the space D, (0,1) may be selected adaptively, by using for
example the well-known Hannan-Quinn (1979) or Schwarz (1978) information
criteria.

9 The ICMPH model with finite-valued co-
variates

As said before, Assumption 2 if often not satisfied in practice. In this section
I will therefore consider the more realistic case that the covariates are finite-
valued:

Assumption 1*: None of the components of the vector X; € R of covari-

ates is a constant. The support S of X; s finite: S = {x1,29,....,Tx},
P[X] € S] =1.

32



9.1 Lack of identification

In this case the ICMPH model is no longer identified. Instead of a single
true parameter vector 6, = (046, ﬁ{))/ there now exists a set Oy of "true”
parameters (henceforth called admissible rather than true), in the sense that
for each (af, ﬁé)/ € O there exist uncountable many distribution function
Hj on [0, 1] for which the model is correct. I will show this for the ICMPH
model (39) in the form

Poe = PED;;=0]X; = (90)

— 1o (o (Fe + )
m = 1,.,.M, /{=1,.. K,

where w,, is column m of the M x M upper-triangular matrix Q = (w;, ;,) with

. . . ! . .
typical element w;, ;, = I(i1 < 42), and o = (ap1, X2, ..., %o m) satisfying
apm > 0form =2,3,..., M. As part of the model specification I will choose
closed hypercubes for the parameter spaces of o and 3:

where the intervals involved are wide enough such that A x B contains at
least one admissible parameter vector (o, 35) . Moreover, note that the log-
likelihood In (Ly (e, 3, h)) involved is the same as in (35), except that now
wi (o, 3'X;) = exp(—exp(f'X; + dw;)) for i =1, ..., M.

If K is small relative to the sample size N, then we can treat the proba-
bilities p?mg as parameters, with corresponding log-likelihood

In(Ly (P)) = ZDl,j ZI (X;=2)In (1 —p1y) (92)
j=1 =1
- Z Z D;; Z I (XJ = x¢)In (pi—1,0 — Piyg)
j=1 i=2 =1
- Z (1 - ZDi,j> ZI (X; = 20) In (pare) -
Jj=1 i=1 =1

where P = (pig; i =1,..,M, £ =1,...,K) is an M x K parameter matrix.
It is easy to verify that the ML estimator of

Po=; i=1,...,.M, (=1,..K) (93)
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is an M x K matrix P with elements
N m
> e (1 =2 D) I (X; = )
~ .
Zj:l I(X;j = x)
Thus, in this case there is no need for a model. However, I will assume that
K is too large for this approach.

The size of the set ©¢ of admissible parameter vectors in A X B is maximal
(in term of Lebesgue measure) if

]/)\m,é = (94)

Assumption 2*. The probabilities p), , = P [S7D;; =0 | X; =z, m =
1,...M, £=1,.. K, are all different,'?

because then this set is the simplex:

B0 = My >Piny by {0= («/.0) € Ax B: (95)

mo,Lo

ﬁ, (xfl - xfz) + o (wm1 - sz) > 0} )

where (1,0, = 1,...,K and m;,my = 1,...,M. Any point § = (o/,3)" €
O is an admissible parameter vector because there exist uncountable many
continuous distributions function H on [0,1] that fit through the M x K
points (exp (— exp (/leg + o/wm)) ,pm,g) , so that then

Py = PEZDij=0]X; =] (96)
= H (exp (— exp (ﬁ/xg + O/wm))) .

as well.
On the other hand, the distribution functions H and H, can be confined
to SNP distribution functions:

Lemma 3. Given K points (u;,v;) € (0,1) x (0,1) satisfying uy < ug <
< ug, v < vy < ... < vg, there exists an SNP distribution function

12Note that this assumption is stronger a condition than Assumption 1(a), as it implies
that the elements of S can be ordered such that 3z < G{z2 < .... < Bizk, which may
not be possible if some of the components of Gy are zero. Moreover, Assumption 1(b) is
no longer applicable, because Gy is now a one-to-one mapping on S, which implies that
E[X;|6,X,] = E[X;|X;] = X,. Therefore, ¥y in Assumption 1(b) is now a zero matrix!
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u|5 o Bn(v]6)dv, with h, defined by (18), such that H,(us;]6) = v; for
1=1,.., K. However 0 may not be unique, even for the minimal value of n.

Proof: Appendix.

Therefore, the space D(0, 1) of density functions h can be restricted to
D(0,1) = U*D,(0,1), where D, (0,1) is defined in Theorem 9. Thus, for
each (o/, ) € Oy there exists a minimal polynomial order n(a, 3) and one
or more densities hy(a,8) € Du(a,p)(0,1) with c.df. Hyag) such that (96)
holds for H(u) = Hy(a,p) (u)

Neither the quantile conditions (62) nor the moment condition (73) and
(74) are sufficient to solve this identification problem. The only way we can
solve this problem is to design a procedure for selecting a unique point in the
simplex ©g. I will propose to do that via quasi maximum likelihood (QML).

9.2 Quasi maximum likelihood

The idea is to approximate p)), , using for h a low-order SNP density hg(u|0).
Suppose that

Assumption 3*: The polynomial order q is chosen such that

- E[N'InL
(avgy By, hy) = arg BT, .. S [N"'In Ly(a, B, h)] (97)

18 unique.
If in addition,

Assumption 4*: E[N"'In Ly(a, 3,h)] > —oco for all (a,3,h) € A X B X
us°D, (0, 1),

then it follows similar to Theorem 11 that the QML estimators

Ggs By hg ) = InL
(d0:Bpog) =arg | max - In Ll 0,) (98)

converges in probability to (o, By, hy) -
Note that the QML estimation problem (98) is fully parametric. Denoting

Ag={6=(61,...8,) st. (84)},
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(98) is equivalent to

(808 80) = arg  maxIn (L (a5, hy(16))

and (97) is equivalent to

(g, Bg: 04) = arg By o E[N"'In(Ly (o, 8, he(.]6)))] -

Therefore, the standard QML asymptotics applies [c.f. White (1982)]. In
particular, if

Assumption 5. (a;,ﬁ;, 5(’1)/ is an interior point of Oy X A,

then
@q — Qq
VN B, =8y | = Nargreq [0,951 005
5q - 5(1

in distribution, where

_ Oln Ly (g, Bgs he(-16g)) /VN
0 = Var( a(al, 1.5 >,

g Tg

9?In Ly (ag, Bq, hq(.164)) /N
@(Oz; ’5’)’@(04; ron) }

g Tg

N

g Tg

Next, suppose that:

Assumption 6*. The ranking of pm.(q) = H, (exp (— exp (ﬁ;&?g + aflwm)))
is the same as the ranking of p, , = P[X7,Ds; =0 | X; = x|,

where H, is the c.d.f. of h,. If so, then the ranking of the QML estimates
Pmie(q) = ﬁq (exp (— exp (qug + &;wm))) (99)

of the p,,(q)’s will be equal to the ranking of the p?n’/s with probability
converging to one.
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Note that a sufficient condition for Assumption 6* to hold is that it is
possible to choose ¢ such that

1

0 . 0 0
m - ‘ 1
mz}gx }pm,z pm,é(Q)} < 5 (mhflm)?ign%fz) Py 4 pmﬂz} (100)

Then it follows from (95) that (a;, ﬁ;), € Oy, hence we may interpret ¢, and
B, as the "true” parameters,

Qp = Qg, 50 = ﬁqa (066,/86), € @07 (101)

with corresponding QML estimators a = oy, B = Eq, satisfying
~N\ !
lim P l(a/,ﬁ) e @0] _1

(due to Assumption 5*), and

~

W( %:ZS ) s Narin [0,5] (102)

in distribution, where ¥ = (1741, O) Q5 "0 Q5 (Iaryr, O)'.

9.3 Consistent estimation of the minimal polynomial
order
Given the reparametrization (101) it follows now from Lemma 3 that there

exists a smallest polynomial order ng and a h,, € D,,(0,1) with c.d.f. H,,
such that

P [E;ilDi,j =0 | Xj = IL’[] - Hno (eXp <_ exp (ﬁé$ﬂ + O‘{]wm))) 5
m = 1,..M (=1,.. K (103)

I will show that ny can be estimated consistently via a new information
criterion:

Cy(n) = sup In (Lo (8,3,0)) + (M + ki +n).

¢(N)
N

(104)
where A}im ¢(N)/N =0 and A;im o(N)/VN = .
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Recall that the Hannan-Quinn (1979) criterion corresponds to the case (V)
= In (In (NV)) and the Schwarz (1978) criterion to the case ¢(N) =1n (N) /2,
so that these criteria are not suitable for our purpose.

Theorem 13. Given the Assumptions 1*-6* and the reparametrization
(101), let ng be the smallest polynomial order for which there exists an SNP
distribution function H,, such that (103) is true. Let Cn(n) be defined by
(104). Then

plimy oo Cn(n+ 1) < plimy oo Cy(n) if n < ng, (105)
plimy_. % (Cn(n) =Cn(n—=1))=1 if n>ng.  (106)

Proof: Appendix.
Consequently, under the conditions of Theorem 13,

n= max n,
s.t. Cn(n)<Cyn(n—1), n>2

is a consistent estimator of ng:

lim P[n=ng| = 1. (107)

N—oo

9.4 Consistency of the SNP probability estimators

The partial optimization problem supycp_ o1y In (L N (a, B, h)) yields SNP
estimates ,
Dre=H (exp (— exp (ﬁ Tp+ a'wm))) (108)

of the probabilities p)), , in (90). Although H (u) may not be unique on [0, 1],
we nevertheless have that

Theorem 14. Under the conditions of Theorem 13 the SNP probability es-
timators (108) are consistent: plimy oo Dy, = P[X2 D5 =0 | Xj = x4] .

Proof: Appendix.

It is clear that Assumption 6* is the crux of the results in this section.
Although designing a test for the validity of Assumption 6* is beyond the
scope of this paper, in the absence of such a test one should at least check
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whether the ranking of the p;;, ,’s matches the ranking of the estimates p;, ¢(q)
in (99) based on the QML results. If not, increase ¢ and redo the estimation
until the rankings match.

10 Concluding remarks

Because the ICMPH model under review is equivalent to an ordered proba-
bility model of the form (39), the results in this paper are straightforwardly
applicable to more general ordered probability models as well, simply by
replacing (40) with Fy (x) = 1 — Hy (1 — G(z)), where G(z) is a given dis-
tribution function. For example, let G(z) = 1/ (1 + exp(—=x)). Then (39)
becomes a semi-nonparametric ordered logit model. The only difference
with the ICMPH model is that moment conditions (73) and (74) need to
be adjusted, because these moment conditions correspond to the special case
G(x) =1—exp(—exp(z)).

The idea to model densities semi-nonparametrically via semi-nonparame-
tric densities on the unit interval is the most straightforward part of this
paper. The main contributions in this paper are (1) the application of this
idea to interval-censored mixed proportional hazard models; (2) the deriva-
tion of the conditions under which these models are nonparametrically iden-
tified; (3) the construction of the compact metric space of densities on the
unit interval; (4) the weak consistency results for sieve M-estimators under
weak and verifiable conditions, even under partial identification, and (5) the
two-step approach to get around the lack of identification problem in the
case where the support of the covariates is finite.

Although there is a fair amount of literature on asymptotic normality
of semi-nonparametric parameter estimators [see for example Chen (2005)
and the references therein|, this literature is not directly applicable to the
cases considered in this paper. The reason is that the semi-nonparametric
argument in the log-likelihood of the models considered in this paper involve
distribution functions H (u) on the unit interval only, and that the L! metric
|y — hall, = fol |hi(u) — ha(u)| du on the space D(0,1) of density functions
h(u) on [0, 1] implies the sup metric on the corresponding space of distribution
function H(u) on [0,1]. The latter metric plays a crucial role in proving
consistency in the case of continuously distributed covariates. For deriving
asymptotic normality, however, we need to work with the scores of the log-
likelihood, which involved ratios of densities and distribution functions on
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the unit interval and their derivatives. In view of the asymptotic normality
conditions in Chen (2005, Section 4.2.1) the L' metric on D(0, 1) will not be
sufficient to derive asymptotic normality results for the models under review.
The asymptotic normality problem will be left for future research.

The current topology of the space D(0, 1) is also not sufficient for consis-
tent sieve estimation of mixed proportional hazard models with right censor-
ing only, because then the log-likelihood function involves the log of a density
h(u) on [0,1], for which the L' metric is too weak to prove consistency along
the lines in this paper. Also this problem will be left for future research.

11 References

Bierens, H. J. (1982), ”Consistent Model Specification Tests”, Journal of
Econometrics, 20, 105-134.

Bierens, H. J. (1994), Topics in Advanced Econometrics, Cambridge, UK:
Cambridge University Press.

Bierens, H. J. (2004), Introduction to the Mathematical and Statistical Foun-
dations of Econometrics, Cambridge, UK: Cambridge University Press.
Bierens, H. J. and J. R. Carvalho (2006), ”Job Search, Conditional Treat-
ment and Recidivism: The Employment Services for Ex-Offenders Program”,
working paper (http://econ.la.psu.edu/~hbierens/PAPERS.HTM).

Chen, X. (2005), "Large Sample Sieve Estimation of Semi-nonparametric
Models”, Handbook of Econometrics, Vol. 6 (forthcoming).

Chung, K. L. (1974), A Course in Probability Theory, New York: Academic
Press.

Elbers, C., and G. Ridder (1982), " True and Spurious Duration Dependence:
The Identifiability of the Proportional Hazard Model”, Review of Economic
Studies, 49, 403-409.

Gallant, A. R., and D. W. Nychka (1987), “Semi-Nonparametric Maximum
Likelihood Estimation”, Econometrica, 55, 363-390.

Hamming, R. W. (1973), Numerical Methods for Scientists and Engineers,
New York: Dover Publications.

Hannan, E. J., and B. G. Quinn (1979), ” The Determination of the Order of
an Autoregression,” Journal of the Royal Statistical Society, B, 41, 190-195.
Heckman, J. J. (1979), ”Sample Selection Bias as a Specification Error”,
Econometrica, 47, 153-161.

40



Heckman, J. J., and B. Singer (1984), ” A Method for Minimizing the Impact
of Distributional Assumptions in Econometric Models for Duration Data”,
Econometrica, 52, 271-320.

Jennrich, R. 1. (1969), ” Asymptotic Properties of Nonlinear Least Squares
Estimators”, Annals of Mathematical Statistics, 40, 633-643.

Kiefer, J., and J. Wolfowitz (1956), ” Consistency of the Maximum Likelihood
Estimator in the Presence of Infinitely Many Incidental Parameters”, The
Annals of Mathematical Statistic, 27, 887-906.

Lancaster, T. (1979), ” Econometric Methods for the Duration of Unemploy-
ment”, Econometrica, 47, 939-956.

Meyer, B. D. (1995), ”Semiparametric Estimation of Hazard Models”, un-
published paper (http://www.faculty.econ.northwestern.edu/faculty /meyer/
SEMIR2.pdf).

Royden, H. L. (1968), Real Analysis, London: Macmillan.

Schwarz, G. (1978), ”Estimating the Dimension of a Model,” Annals of Sta-
tistics, 6, 461-464.

Van den Berg, G., J. (2000), ”Duration Models: Specification, Identification,
and Multiple Durations”, Handbook of Econometrics, Vol. 5.

White, H. (1982), ”Maximum Likelihood Estimation of MisspecifiedModels”,
Econometrica, 50, 1-25.

Young, N. (1988), An Introduction to Hilbert Space, Cambridge, UK: Cam-
bridge University Press.

12 Appendix

12.1 Proof of Theorem 8

The theorem involved follows from the following lemmas:

Lemma A.1. Let £ = {&},-, be a given sequence of positive numbers
satisfying

G>1, ) & <o, (109)
k=1

and let F¢ be the set of functions f(u) = oo vepr(u) in LE(0,1) for which
Y € [k, &), kK = 0,1,2,...., endowed with the metric (9). Then Fe¢ is
compact.
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Proof: It suffices to prove that F¢ is complete and totally bounded. See
Royden (1968, Proposition 15, p.164).

To prove completeness, let f,(u) = Y p  VnkPk(w) be an arbitrary Cauchy
sequence in F,. Since f,(u) is a Cauchy sequence in the Hilbert space L(0, 1)
it converges to a function f(u) =Y 7o, Ykpr(u) in LE(0,1). Now Fe is com-
plete if f € Fe. Thus, we need to show that v, € [—&, & for all k£ and
Dheo Ve = L.

To prove 7y € [—&k, &k, note that || f, — fll, = \/ZZO:O (Ve — 3)* — 0
implies that for each k, v,x — 7. Since i € [—&, &) it follows that

Y € [—&k, &k -

To prove > ° (v = 1, let € € (0,1) be arbitrary. Since Y " (72, =
L= i Ve =1 =322 . & we can choose m so large that uniformly
inn, 0<1—3" 7, <e Since for k=0,1,...,m, Yar — W, it follows
that 0 <1-3"7" 72 < e. Thus lim,, 00 > V2 = 1. Hence F¢ is complete.

To prove total boundedness, let € > 0 be arbitrary and let F¢, be the
space of functions f,(u) = Y p_,vepr(u) such that Y7 ~2 < 1 and v, €
[—&k, &), k =0,1,2,....,n. Choose n so large that >~ & < e. Then for
each f € F¢ there exists an f,, € F¢, such that || f — f,||, < . The set of
vectors ¥ = (Y0, V1, - Yn)' satisfying v € x3_o [—&k, &), 7'y < lisaclosed an
bounded subset of R™*! and is therefore compact, and consequently, F¢ ,, is
compact. Therefore, there exists a finite number of functions fi, ..., far € Fe
such that

Fen C Ujj\il {f € Fe(0,1) : [|f = fill, < 5}
This implies that

fg C Ujﬂil {f E‘F’E(Ovl) : Hf_fJHz <2€}
C UL {f e Lg0,1) - | f = fill, < 2¢},

hence F, is totally bounded. Q.E.D.

3

Lemma A.2. Under condition (109) the space

14+ >0 Okpr(u)
_ Zk1£k2762§§£
V1I+222,6

endowed with the metric (9) is compact.

7= {f:f(U)
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Proof: It follows from (16) and (109) that

52
P= —E <G k>1
Vi 1+ch>:16]3_§k7 - L
1
2 — 7<1< 2
EEREES vt

1
5 e >0, (110)
hence F C Fe.

For a metric space the notions of compactness and sequential compact-
ness are equivalent. See Royden (1968, Corollary 14, p. 163). Sequential
compactness means that any infinite sequence in the metric space has a con-
vergent subsequence which converges to an element in this space. Therefore,
any infinite sequence f, € .7-";" C F¢ has a convergent subsequence

JI+I, 8

Jrmn (u) =

with limit
Z%Pk € F¢(0,1).

It is easy to verify that

1 1
Yo = lim > — >0,
noee \/1+Zk 1 0% VI &
6kmn

Ye = lim =Y lim 6k7mn7 k>1.

e \/ L+ 3521 Ok m, .
Denoting 6 = vx/v0 we can write f(u) as

L+ 3002 Sepw(w)
V1Y, 6

where 67 = lim, . 67, < &, so that f € F;. Thus F; is sequentially
compact and hence compact. Q.E.D.

fu) =
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Lemma A.3. The space D¢(0,1) = {h ch=f2 f¢c .7-"2‘} of density func-
tions on [0, 1] endowed with the metric (80) is compact.

Proof: 1t follows from Schwarz inequality that for each pair of functions
f9eFe,

/ F(w)? — g(w)?| du (111)
/|f )| (u |du+/ @) — g(w)] |g(w)| du

s\/ [ (s - gt \/ [ f<u>2du+\/ [ otwran
- 2\/ [ = gt i

Let h,, = f? be an infinite sequence in D¢(0,1). Because F, ¢ 1s compact, there
exists a subsequence f,, which converges to a limit f in F¢, hence it follows
from (111) that hy,, = f2  converges to h = f?. Thus D¢(0, 1) is sequentially
compact and therefore compact. Q.E.D.

We can choose & such that D(0,1) C D,(0,1). It is now easy to verify
that D(0, 1) is sequentially compact and therefore compact.

12.2 Proof of Theorem 10

It follows now from Jennrich’s (1969) uniform strong law of large numbers,
in the version in Bierens (1994, Section 2.7) or Bierens (2004, Appendix to
Chapter 6) that under the conditions of Theorem 10, with the conditions
(86) and (87) replaced by

E {sup lg(Y1,0)|| < o0 (112)
€O
we have
LN
lim su Y;,0)—9g(0) =0 a.s. 113
A SUp | ;g( i 0) ) (113)
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However, the condition (112) is too difficult to verify in the log-likelihood
case. Therefore I will use the weaker conditions (86) and (87).

Originally the uniform strong law (113) was derived by Jennrich (1969)
for the case that © is a compact subset of a Euclidean space, but it is easy to
verify from the more detailed proofs in Bierens (1994, Section 2.7) or Bierens
(2004, Appendix to Chapter 6) that this law carries over to random functions
on compact metric spaces.

Let K > K, and note that

E {max <supg(Y1,9 , )} E {max <supg Y1,0), KO) < 00,
USC) €O
hence F [supyce |max (g(Y1,6), —K)|] < oo. Then it follows from (113) with
g(Y;, 0) replaced by max (¢(Y;,0), —K) t at
N
lim su max (g(Y;,0), —K) — 0)| =0 a.s 114
i sup |5 > s (0(05,0). 1) = 30 (114)

where G (6) — E [max (g(Y;,0), —K)]
As is well-known, (114) is equivalent to the statement that for all € > 0,

<5] =1

In its turn this is equivalent to the statement that for arbitrary natural

numbers k and m there exists a natural number N (K, k, m) such that for all
N > N(K, k,m),

hm P

N—oo

sup sup
n>N 0O

anax 9(Y;,0),—K) — g (0)

sup sup
n>N 0cO

anax 9(Y;,0),—K) — G (0)

Let k£ < K < m. Then there exists a natural number N(K) such that for all
N > N(K),

sup sup
n>N €O

nzmax 9(%3,0), ~K) — Gk (0)] < 3| > 1-

1 1
<—] >1—-—

For given N, let Ky be the maximum K for which N > N(K). Then
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P sup sup|—

TL>N KN 96@

. Zmax (5,6), ~ K) ~ T, (0

hence, for arbitrary € > 0,

lim P

sup su
N p P~

TL>N(KN 06@

- Zmax —KnN) — Gk, (0)

This result implies that along the subsequence ny = N(Ky),

Zmax —Ky) — Gk, (0)| — 0 as., (115)

sup |—
0co

ny

and the same applies if we had replaced N first by an arbitrary subsequence.
Thus, every subsequence of N contains a further subsequence ny such that
(115) holds. As is well-known, a sequence of random variables converges in
probability if and only if every subsequence contains a further subsequence
along which the sequence involved converges a.s. Thus, (115) implies that
there exists a sequence Ky converging to infinity with N such that

1
I Y;,0), —Kn) — G, (0)] = 0. (116
p Jim sup N;maX(g( 5260), —Kn) = Grcy (0) (116)

Since the function max(z, —K) is convex, it follows from Jensen’s inequal-
ity that

gx(0) = Emax(g(Y;,0), —K)] > max (E[g(Y;,0)],-K)  (117)
= max (g(), —K) = g(0)

and similarly

1 & 1 1 <
Nz; (9(Y;,0),—K) > max (NZQ(E’,@%—K) ZNZQ(Yjﬁ)-
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It follows from (87), (117) and the dominated convergence theorem that
limp o0 SUPpeg |Tx(0) — G(0)] = 0, hence (116) now becomes

p lim sup
N—oo PcO

;, Zmax (9(Y;,0), —Kn) —5(0)| = 0. (119)

Finally, observe from (118) that
R o o
N g ( (¥8), - ) —90) =5 > g(v;,0) —g(0)  (120)

>+ Zg 9(60) + 3(6) ~ 5(6) > = > g(;,60) — 7(6o).

By Kolmogorov’s strong law of large numbers, the lower bound in (120)
converges a.s. to zero, and by (119) the upper bound in (120) converges

in probability to zero, hence plimy_, o (% Z;VZI g(YJ,g) — ﬁ@)) = 0, which
implies (88).

(a) If 6y is unique then by the continuity of g(#) and the compactness of
© there exists a € > 0 such that for all € € (0,], supgeg q(p,0,)> 9(0) < G(0o)-
See, for example, Bierens (2004, Appendix II, Theorem II.6). It follows
therefore from (88) that

P [d(@, 6y) > 5} <P
0€0,d(6,00)>¢

g0) < sup a(@)] - 0.

(b) Tt follows from (88) that plimy .o g ((5;,:92)) =7 ((96,1, 9672),) )

Recall that convergence in probability is equivalent to a.s. convergence
along a further subsequence of an arbitrary subsequence. Thus, every subse-
quence of N contains a further subsequence N,, with corresponding estima-

~ ~ /
tors (91,Nm’ 92,Nm) such that, for m — oo,

g <(§;’Nm’§l2’Nm),) -9 ((%b 96,2)/> a.s.

In other words, for all w in a set with probability 1,

lim g ((@Nm (@), B (@)) ) =5 ((0h1:%2)) (121)

m—00
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Since ©; and O, are compact, the sequences 517Nm (w) and /9\27 N, (w) have
limit points #; (w) and s (w) in O and O,, respectively, hence

7 (@) 02 ))) =3 ((61.65))

and thus supg,ce, g ((«91 (W), 95)/) > G (041.0),) - It follows now from (89)

that 6, (w) = 6.1, hence d; (517Nm, 9071) — 00 a.s., and consequently,

p]\}lgéo dy (’él,NaQO,l) .

Finally, recall that a continuous function on a compact set is uniformly
continuous on that set. It follows now from (121) and the uniform continuity

of g that lim,, .0 g ((9671,/9\271\;7” (w)/) /) =7 ((9671, 9672)/) , hence

P]\}Eﬂoog ((‘%,17%)) =9 ((‘96,17 ‘9(/),2)/) :

12.3 Proof of Theorem 11

Similar to (120) we have,

%Zmax (g(Yj,Aé),—KN> —5(5) > %ZQ(YJ&QN) _5(5)

<
Il
-

<.
Il
—
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and it follows from Kolmogorov’s strong law of large numbers that

N Zg ,60) — G(6o) a (122)

Moreover, it follows from the continuity of E [|g(Y;,0) — g(Y1,6p)|] in 6 and
thHoo d (9]\7, 90) = (0 that

El% Z 9(;,60))

Hence by Chebishev’s inequality,

< Elg(V1,0n) — 9(Y1,00)] — 0.

N

p Jim 5 (003 0x) = 6(5,00)) = 0 (123)

N—oo
j=1

Thus, plimy_e (% SN 9(Y;5,0y) — g(é)) — 0, which by (122) and (123)
implies that plimy_..0 §(8) = g(6o).

12.4 Proof of Lemma 3
12.4.1 The case K =1

Let H(u) be a distribution function on [0, 1] such that H(u;) > v1, and let
H (u) be a distribution function on [0, 1] such that H(u;) < vy. Then it follows
trivially from Theorem 3 that there exists an n and a pair 6,6 € R™ such
that H,(u|6) > v and H,(u1]8) < vy. Since @n(A) = Hy,(ug|(1 — X)E + A)
— v; is a continuous function of A € [0, 1], with ¢(0) < 0, ¢(1) > 0, there
exists a A € (0,1) such that ¢, (\) = 0. For this A, let 6 = (1—\)§+ 6. Then
Hn(u1|6) = V1.

This argument shows that n can be chosen so large that the sets A,
= {6 e R": H,(u;|6) = v;},i=1,..., K, are non-empty. It remains to show
that there exists an n such that NX A, # 0.

12.4.2 The case K =2

Again, it follows straightforwardly from Theorem 3 that there exists an n
and a pair 6,0 € R" such that

H,(w]d) < oy, Hn(U1|E) > V1,
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Hn(UQ‘é) < ’UQ,Hn(’U2|E) > Ua.

For such a pair 6,6, consider the function

Y AM) = Hy,(ug|(1 — N8 + A6) — vy

+<mmmu—xm+xa)M_< v )M

U1 Hy(ur|(1=NE+ X))

where M > 0 is a natural number and A € [0, 1]. For each M > 0, ¢, (\|M) is
continuous in A € [0, 1], and for sufficient large M, v, (0|M) < 0, ¢, (1|M) >
0. Consequently, for such an M > 0 there exists a Ay € (0,1) for which
n (M| M) = 0, so that

Hn(UQ‘(]. — )\M)é—l— )\ME) = V9

() - (Bt

Now Ay is a sequence in the compact interval [0, 1], hence all the limit
points of A\, are contained in [0, 1], and for each limit point A, there exists
a subsequence M; such that lim; .. Ap;; = As. Thus

Hy(ua](1 = X)8 + A.6) = Jim Hy (u|(1 = Aagy)d + Aagy 8) = 1,

for instance. If n > v; then

. (Hn(ul\(l — )8+ )\MJE)) M
lim

Jj—0

U1

MJ
lim U = =0
g—oo \ H,(uq(1 —>\M]—)§+>\M]—5

hence H,(uz|(1 — A\)d + 2\*5) = 00, which is impossible. Similarly, if n < v;
then H, (ua|(1— )8+ A6) = —oo, which is again impossible. Consequently,
1 = vy, so that

Hn(ul\(l — )\*)(_5 + )\*E) = V1, Hn(’LL2|(1 — )\*)é + )\*E) = V2.

This argument shows that for large enough n, Ay, N Ag, # (). Also, this
result implies that we can choose an n and a pair 6,0 € A;,, such that

Hn(UQ‘é) < V9, Hn<U2|5) > Vg.
The latter will be the basis for the proof of the general case.
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12.4.3 The case K > 2

Let m > 2. Suppose that for large enough n there exists a pair 6,6 €
NP A, # 0 such that H,(um|6) > v, Hy(tm|8) < vy,. This assumption
has been proved for m = 2. Next, consider the function

n

*3) <<Hn(ui|(1 ) (e ﬁ))M)

% (Ho(uil (1= N8+ 28) — v;)

O™ (A|M) = Hp(tm|(1 — X)d + X6 — vpy
1

where again M > 0 is a natural number and A € [0, 1]. Note that

O (0|M) = Hpy(up|d) — vy < 0,
®™ (1|M) = H,(up|6) — vy >0,

so that by the continuity of ®7 (A|M) in A there exists a Ay € (0,1) such
that ®\™ (Am|M) = 0. Similar to the case K = 2 it follows that for all limit
points A, of Ayz, Hy(us](1— X8+ Ab) = v, i = 1,..,m, hence N2, A, # 0.
The general result follows now by induction.

Finally, to show that 6 may not be unique, consider the case K = 1, with
u; = 1/2 and v; < 1/2. It is easy to verify that

1/2 9 )
o = Hy(1/2)5) = & (Héﬁ(;zu_l)) = % (1_25 )

14 62

hence § = ++v/1 —2v1/1/2 (1 + v1).

12.5 Proof of Theorem 13
Part (105) of Theorem 13 follows from the inequality

1 ~ 1 ~
plim — sup In (L (&,ﬁ,h)) <plim — sup In (L (&,ﬁ, h))
N—oo N heDy(0,1) N N—oco N h€Dpn+1(0,1) N

for n < ng, which in its turn follows trivially from Theorem 10. Part (106)
is true if for n > ny,

sup )ln (LN (&,B, h)) — sup In (LN (@,B, h)) = O,,(\/N). (124)

heDn (0,1 h€Dn (0,1)
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To show that (124) holds, observe first that for all n,
sup In (LN (@,B, h)) <In (LN (ﬁ)) ,
h€Dn(0,1)

where P is the M x K matrix with elements Dm.e defined by (94), and
In (Ly (P)) is defined by (92). Moreover, it follows from standard maximum
likelihood (ratio test) theory that

2 (111 (LN (13)) —In(Ly (Po))) — XK

in distribution, where Py is matrix (93), so that for all n,

sup In (LN (&,B, h)) <In(Ly (F))+ O,(1). (125)

heDy(0,1)

Furthermore, it is trivial that.

sup )ln (LN (&,E, h)) > In (LN (&,E, hno)) ) (126)

he€Dpg (0,1

Finally, it follows straightforwardly from (102), the mean value theorem, and
the easy equality

In (L (a0, Bo, hne)) = In (L (Fo)) (127)

that

n (L (@8, hng ) ) = In (L (R) + Oy (VN) (128)
Combining (125), (126) and (126) for n > ng, (124) follows.

12.6 Proof of Theorem 14

Let ¥(a, 3,h) = E[N~'In(Ly (o, 3,h))] and let h be the density of H. It
follows from Theorem 10 and (107) that

~ o~

p lim ¥U(@,3,h) = sup ¥(ag,Fo,h) (129)

N—oo0 RE€Dn (0,1)
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Next, denote D, = (ﬁ:n,é’ sm=1,...M, {=1, ...,K) and let

g(P) = E[N'In(Ly(P)] =) (1-pl,)In(l—py)
=1

M K K
ZZ o 1,0 P@e In (i1, — Pie +ZPMZIH(PM2)
=2 (=1 =1

CA. (92). Then W(a,3,h) = g(P.) and supyep, (0.1 ¥(0, fo,h) = g (Py).

See (127) for the latter. Hence, it follows from (129) that plimy_.. g(P.) =
g(Py), which by the continuity of g(P) in the elements of P implies that
pth—>oo P* = P(].
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